In the paper, we introduced the Lie algebras and the commutator equations to rewrite the Tu-d scheme for generating discrete integrable systems regularly. By the approach the various loop algebras of the Lie algebra A 1 were defined so that the well-known Toda hierarchy and a novel discrete integrable system were obtained, respectively. A reduction of the later hierarchy is just right the famous Ablowitz-Ladik hierarchy. Finally, via two different enlarging Lie algebras of the Lie algebra A 1 , we derived two resulting differential-difference integrable couplings of the Toda hierarchy, of course, they are all various discrete expanding integrable models of the Toda hierarchy. When the introduced spectral matrices are higher degrees, the way presented in the paper is more convenient to generate discrete integrable equations than the Tu-d scheme by using the software Maple.
Introduction
In recent years, search for discrete integrable systems and their solutions, symmetries, Hamiltonian structures, Bäcklund transformations, conservation laws, and so on, has made rapidly developed [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . A common approach for generating discrete integrable systems usually starts from the following discrete spectral problem
where ψ = (ψ 1 , . . . , ψ N ) T is an N-vector and U = U (u, t, λ) is an N × N matrix which is dependent of a filed vector u = (u 1 , . . . , u p ) T , the time variable t and a spectral parameter λ, and Ef (n, t) = f (n + 1, t). To generate differential-difference integrable systems, a t−evolution part corresponding to Eq. (1) is introduced for some matrix V as follows
The compatibility condition of Eqs. (1) and (2) gives rise to a differential-difference equation
which is called a discrete zero-curvature equation. In terms of the scheme called the Tu-d scheme [3] , we should need introducing a modified term ∆ for V if necessary, and denote by V (n) = V + ∆ so that the discrete zero-curvature equation
leads to novel integrable discrete hierarchies. It is easy to see that Eq. (4) is the compatibility condition of the Lax pair Eψ = U ψ, ψ tn = V (n) ψ.
Compared with the Tu scheme [17] , there is no commutator in the discrete zero-curvature equations (3) or (4). If we could construct a commutator appearing in (4), then we would follow the very familiar Tu scheme to generate discrete integrable systems, that is, we could imitate the well-known ideas of Tu scheme to investigate discrete integrable systems. An obvious difference between the Tu scheme and the Tu-d scheme reads that we could regularly construct the U and the V in the Lax pair (1) and (2) through Lie algebras. That is to say, set G to be a Lie algebra, and {e 1 , . . . , e p } is a basis of G.
where C[λ, λ −1 ] represents the set of Laurent polynomials in λ. A basis ofG is denoted by
and ker ad R is commutative. In addition, we define gradations ofG to be as follows
where
then the stationary zero-curvature equation
could have local solutions for the given spectral matrix U . Thus, under introducing the modified term ∆ of (λ n V ) + which is denoted by V (n) = (λ n V ) + + ∆, the continuous zero-
generally could give rise to integrable hierarchies of evolution equations. Therefore, (6) is a guidance clue to construct U and V in (6) and (7) so that (7) could have differential solutions for V , and (8) could acquire integrable ideal equations. In order to make the Tu-d scheme match the Tu scheme as possible, we rewrite the Tu-d scheme according to the Tu scheme.
First of all, a proper Lie algebra G and its loop algebraG are introduced. Second, we apply theG to introduce U and V in Eqs. (1) and (2) . Third, we solve a stationary zero-curvature equation similar to Eq. (7):
could lead to novel differential-difference equations. Actually, Eq. (10) is a rewritten formula of Eq. (4). Finally, with the help of the discrete trace identity proposed by Tu [3] , we can derive the Hamiltonian structure of Eq. (10) . In what follows, we shall apply the above version to some explicit applications by introducing two various loop algebras of a Lie algebra.
Generating two discrete integrable hierarchies
The simplest basis of the Lie algebra A 1 reads
whith the commutative relations as follows
It follows from (11) that
We denote by G the above Lie algebra, that is,
equipped with the commutative relations (11) and (12).
2.1: A loop algebra of the Lie algebra G and the Toda hierarchy
A loop algebra of the Lie algebra G is the well-known form as follows
We consider an isospectral problem by usingG 1
A set of solutions to Eq. (9) for V is given by
n , a (1) n + a n + b
can be decomposed into the following form
We observe that the left-hand side of (15) contains terms with degree more than 0, while the right-hand side contains terms with degree less than 0. Hence both sides of (15) contain only terms with degree being 0. Therefore, we have
Thus, the discrete zero-curvature equation (10) permits the lattice hierarchy
which is completely consistent with that in [3] , the well-known Toda hierarchy. Remark 1: It is easy to find that the pseduo-regular element in (13) is h 2 (1), whose degree reads deg h 2 (1) = 1 which is more than other elements, satisfying the condition (6). In addition, Eq. (15) is similar to the decomposed equation in the Tu scheme
The above steps for computing the lattice hierarchy (16) are completely same with that by the Tu scheme, which hints that we could imitate all thoughts of Tu scheme to generate lattice hierarchies by introducing various Lie algebras and their resulting loop algebras.
2.2: Another loop algebra of the Lie algebra G and a new lattice hierarchy
Another loop algebra of the Lie algebra G is defined as
An explicit loop algebra still denoted byG 2 satisfying the above requirements is given bỹ
which possesses the following operating relations
Obviously, the loop algebraG 2 is different from the previousG 1 . In the following, we shall apply the loop algebraG 2 to investigate a discrete integrable hierarchy. Set
A direct calculation according to the stationary discrete equation
gives that
The first equation in (20) can be derived from other three ones. In fact, we have q(a
n . Denoting by
The degrees of the left-hand side of (21) are more than −1, while the right-hand side less than 0. Therefore, both sides should be −1, 0. Thus, Eq. (21) permits that 
As similar to the case where the Hamiltonian structure of the Toda hierarchy (16) was derived from the discrete trace identity in Ref. [3] , the Hamiltonian structures of (22) and (23) could be investigated by the discrete trace identity, here we do not further discuss them.
The linear and nonlinear discrete integrable models of the Toda hierarchy
As we know that some continuous expanding integrable models of the known integrable systems, such as the AKNS system, the KN system,the KdV system, and so on, were obtained by enlarging the Lie algebra A 1 ,, e.g. see [18] [19] [20] . In what follows, we want to extend the approach to the case of discrete integrable hierarchies. That is, we extend the Tu scheme for generating continuous expanding integrable models to the case by introducing commutators, as presented above, so that a great number of discrete expanding integrable systems could be readily generated just like generating expansion integrable models of continuous integrable systems. In the section, we only investigate the linear and nonlinear discrete expanding integrable models of the Toda hierarchy so that our method will be illustrated.
3.1: A linear discrete integrable coupling
Set [18] Assume
Obviously, the linear space L is an enlarging Lie algebra of the Lie algebra G presented before. Since the Lie subalgebra L 1 is isomorphic to the Lie algebra G, then of course have the common operation relations. Therefore, we only consider the operating relations among {g 1 , g 2 } with {h 1 , h 2 , e, f }. It is easy to compute by Maple that
A loop algebra of the Lie algebra L is defined as
where deg X(n) = n, X ∈ L. Applying the loop algebraL introduces the following isospectral problems
and
The stationary discrete zero-curvature equation (9) permits the following equatiosn by using (11)- (12) and (24)- (26):
The first four equations in (27) are the same with (14) . Set
similar to the previous discussions, we obtain that
Thus, the discrete zero-curvature equation (10) permits the integrable hierarchy
When we take q = r = 0, Eq. (28) just reduces to the well-known Toda hierarchy (16) . Therefore, Eq. (28) is an integrable coupling of the Toda hierarchy, of course, also a discrete integrable expanding model of the Toda hierarchy. In what follows, we deduce a discrete integrable coupling of the Toda equation. For the sake, we take
According to (27), we have
Therefore, we get a discrete integrable coupling of the Toda equation as follows
It is easy to see that (29) is a linear discrete integrable coupling with respect to the new variables q and r. Therefore, Eq. (28) is known as a linear discrete integrable coupling of the Toda hierarchy.
3.2: A nonlinear discrete integrable coupling
To search for nonlinear discrete integrable coupling of the Toda hierarchy, we should enlarge the Lie algebra G to a Lie subalgebra of the Lie algebra A 3 . Therefore, we set
where h 1 , h 2 , e, f ∈ A 1 . We denote
If equipped with an operation for
then Q 1 is a Lie algebra which is isomorphic to the previous Lir algebra G. Hence, Q 1 and G possess the same commutative relations. It is easy to compute by Maple that
From the above computations,we find that
which is apparently different from that of L 1 and L 2 presented before. Actually, the Lie algebra L is a Lie algebra of a homogeneous space of a Lie group, while the Q is a Lie algebra of a symmetric space of a Lie group. A corresponding loop algebra of the Lie algebra Q is defined asQ
where deg X(n) = n, X ∈ Q. In hat follows, we consider the isospectral problems by using the loop algebraQ : 
where the symbol E in the first equation of (30) stands for forward operator Ef (n) = f (n+1), which is different from the E in U and Γ in Eqs. n , a (1) n + a n + b (1) n+1 − pb (1) n = 0, va (1) n = c n+1 − va n − pc n , c (1) n − a (1) n+1 + a n+1 + p∆a n = −vb n , sb (1) n − uc (1) n − vd (1) n − g (1) n = ug n − 2sd n d (1) n+1 + u(a (1) n + a n ) − pd (1) n + q (1) n (1 + u) + g n (1 + u) + w(∆b n + ∆d n + b n + d n ) = 0, g (1) n+1 + s(a (1) n + a n ) = pg (1) n + (v − s)q (1) n + (v − s)q n − w(c n + g n ), −∆q n+1 + p(∆q n ) + u(∆g n ) − w∆(a n + q n ) = 0.
(32) Similar to the previous discussions, we denote by 
